We classify moduli spaces of arrangements of 10 lines with quadruple points. We show that moduli spaces of arrangements of 10 lines with quadruple points may consist of more than 2 disconnected components, namely 3 or 4 distinct points. We also present defining equations to those arrangements whose moduli spaces are still reducible after taking quotients of complex conjugations.
Introduction
and L(A 2 ) are isomorphic, i.e., there is a permutation φ of {1, 2, . . . , n} such that dim i∈S L i ∈A 1 L i = dim j∈φ(S) H j ∈A 2 H j for any nonempty subset S ⊆ {1, 2, . . . , n}. In particular, if the permutation φ is the identity, we denote L(A) = L(B).
An essential topic in hyperplane arrangements theory is to study the interaction between topology of complements and combinatorics of intersection lattices. One may ask how close topology and combinatorics of a given arrangement are related.
For line arrangements, Jiang and Yau [JY98] showed that homeomorphic equivalence always implies lattice isomorphism. On the other hand, in 1989, Randell [Ran89] proved that if two arrangements are lattice isotopy, i.e. they are connected by a one-parameter family with constant intersection lattice, then their complements are diffeomorphic. Based on Randell's theorem, in [JY94] and [WY05] , the authors found large classes of line arrangements, called nice arrangements and simple arrangements respectively, whose intersection lattices determine topology of the complements. The notion of nice line arrangements has been generalized to arrangements of hyperplanes in higher dimensional projective spaces (see [WY07, WY08, YY07, YY09] ). Also based on Randell's theorem, Nazir-Yoshinaga [NY10] found new classes of line arrangements whose intersection lattices determine the topology of the complements. Unlike nice and simple arrangements whose intersection lattices have special properties, Nazir and Yashinaga's new classes require that all intersection points with multiplicity at least 3 are in special positions.
However, even for line arrangements, the converse is not true in general. We call a pair of line arrangements a Zariski pair, if they are lattice isomorphic, but the fundamental groups of their complements are different. Note that this definition is stronger than the original definition introduced by Artal Bartolo in [AB94] : a pair of lattice isomorphic line arrangements with different embedding type. The first Zariski pair of line arrangements was constructed by Rybnikov in 1998. But the work wasn't published until 2011 [Ryb11] . Each arrangement in Rybinikov's example consists of 13 lines and 15 triple points. On the other hand, Garber, Teicher and Vishne [GTV03] proved that there is no Zariski pair of arrangements of up to 8 real lines which covered the result of Fan [Fan97] on arrangements of 6 lines. This result was recently generalized to arrangements of 8 complex lines by Nazir and Yoshinaga [NY10] . In the same paper, Nazir and Yoshinaga also claim without proof that there is no Zariski pair of arrangements of 9 complex lines. A complete proof of their claim was presented in [Ye11] . For arrangements of 10 lines, it is still not known whether the fundamental groups of the complements are combinatorially invariant. The existence of "potential Zariski pairs" has been known (see the arrangements H ± in section 5 of [ABCRCAMB05] and Example 5.5 of [NY10] ).
Let A be a complex line arrangement. We define the moduli space of line arrangements with the fixed lattice L(A) (or simply, the moduli space of A) as M A = {B ∈ ((CP 2 ) * ) n |L(B) = L(A)}/P GL(3, C).
We denote by M c A the quotient of M A under complex conjugation. We note that our moduli space M A is called an ordered moduli spaces in [ABCRCAMB05] . By Randell's Lattice-Isotopy Theorem in [Ran89] and Cohen and Suciu's Theorem 3.9 in [CS97] , we know that arrangements in the same connected component of the moduli space, or in two complex conjugate components can not form Zasiki pairs. Therefore, to investigate the existence of Zariski pairs of arrangements of 10 lines, it is very important to know the geometry of moduli spaces of arrangements. In fact, results in our paper show that there are many arrangements of 10 lines whose moduli spaces are reducible.
The paper is structured as follows. Section 2 provides preliminaries and ideas on clas-sifying moduli spaces of arrangements of 10 lines. Section 3 shows that moduli spaces of arrangements with multiple points of high multiplicity are most likely irreducible. Section 4 and Section 5 deal with arrangements of 10 lines with a quadruple point. All possible arrangements of 10 lines with quadruple point whose moduli spaces are reducible, for instance, consisting of 2 points, 3 points, 4 points, or 2 one-dimensional components, can be found there. We recall the following results of [NY10] .
Theorem 2.2 (Theorem 3.5, [NY10] ). Let A be a simple C ≤3 arrangement. Then the moduli space M A is irreducible.
Theorem 2.3 (Lemma 3.2, [NY10]). Let
Assume that L n passes through at most 2 multiple points. Set
We say that a line arrangement is non-reductive if each line of the arrangement passes through at least 3 multiple points.
To classify geometric objects, the more invariants we know, the more sharp classification we can expect. For arrangements of lines, numerical invariants which we will use include the highest multiplicity of multiple points, the number of multiple points of certain multiplicity, and special lines passing through given number and type of multiple points. The classification of moduli spaces consists of two steps. Firstly, we will roughly classify intersection lattices according to various numerical invariants. Secondly, we will write down defining equations involving parameters for a given intersection lattice. The space of parameters is the moduli space of the arrangement.
Denote by n r the number of intersection points of multiplicity r. We recall the following useful results.
Lemma 2.4 (see for instance [Hir86] ). Let A be an arrangement of k lines in CP 2 . Then
3 Arrangements of 10 lines with multiple points of multiplicity at least 5
One can easily discover that arrangements with multiple points of high multiplicity will most likely have irreducible moduli spaces. Results in this section suggest that we should not expect Zariski pairs of arrangements of 10 lines with at least a quintuple point. When the highest multiplicity is 5, we notice that there is a case that the moduli space is reducible. However, a close look (see Remark 3.3) shows that the fundamental groups are still isomorphic. . Since n 5 ≥ 1, thus n 3 + n 4 ≤ 10. On the other hand, there must be at least 11 − n 5 multiple points so that each line will pass through at least 3 multiple points. Therefore, 11 − n 5 ≤ n 3 + n 4 . The two inequalities together tell us that n 5 = 1 and n 3 + n 4 = 10. Apply Lemma 2.4 again, and we see that n 4 ≤ 1.
is the only quintuple point. There should be no multiple point apart from L 1 ∪ L 2 ∪ · · · ∪ L 5 . Otherwise, n 3 + n 4 ≥ 11, since each line passes through at least 3 multiple points. Moreover, each of the lines L 1 , L 2 , . . . , L 5 should pass through exactly 2 more multiple points.
Let n 4 = 1. Then there are 9 triple points. We may assume that L 1 ∩ L 6 ∩ L 7 ∩ L 8 is the quadruple point. Since each line passes through 3 multiple points, then L 9 ∩ L 10 must be a triple point on L 1 . Now there are 3 multiple points on L 1 . The rest of the multiple points are triple points which should be in (
However, there are at most 6 triple points in the intersection.
Let n 4 = 0. We may assume that
, and 8 triple points. Note that the 8 triple points should be in (
, L 8 and L 9 should pass through 3 triple points and L 10 should pass through 4 triple points. By the classification of arrangements of 9 lines (see [Ye11] Proposition 3.4), A ′ is isomorphic to a Falk-Sturmfels arrangement.
Remark 3.3. Note that the line arrangements in Proposition 3.2 are lattice isomorphic to those extended Falk-Sturmfels arrangements defined in [Ye11], Example 4.1. Hence the fundamental groups are isomorphic.
A surprising corollary of Theorem 3.1 and 3.2 is that there is no Zariski pair of arrangements of 10 lines with a multiple point whose multiplicity is at least 5. Proof. It suffices to consider cases that A has a quintuple point and contains a MacLane arrangement or a Falk Sturmfels arrangement. However, it is not hard to check that adding two lines to a MacLane arrangement does not change the irreducibility of M c A . In fact, the two lines added to the MacLane arrangements must pass through a triple point and at most one triple point. Now, assume that A contains a Falk-Sturmfels arrangement. In other words, A can be obtained from a Falk-Sturmfels arrangement by adding a line passing through the unique quadruple point of the Falk-Sturmfels arrangement. Note that a Falk-Sturmfels arrangement has the following feature: all but 2 of the intersection points in the intersection lattice are on the union of the lines passing through the quadruple point. Moreover, the 2 double points and the quadruple point are collinear, say on the line H. Recall that there is an automorphism ϕ of CP 2 which sends one of the FalkSturmfels arrangement to the other one and fixes the line H. Let A 1 and A 2 be two lattice isomorphism arrangements of 10 lines which contain Falk-Sturmfels arrangements. Then it is easy to see that either they are in the same irreducible component, or the complements M (A 1 ) and M (A 2 ) are diffeomorphic under the automorphism ϕ.
4 Arrangements of 10 lines with 2 or more quadruple points
In this section, we investigate an arrangement of 10 lines with at least 2 quadruple points and no multiple points of higher multiplicities. First, let us consider possible values of the numerical invariant n 4 such that the arrangement is non-reductive.
Lemma 4.1. Let A be a non-reductive arrangement of 10 lines in CP 2 with n r = 0 for r ≥ 5. Then n 4 ≤ 3.
Proof. By Theorem 2.5 and Lemma 2.4, we know that n 3 ≤ 140−24n 4 9
. Since each line passes through at least 3 multiple points, then there must be at least 9 − n 4 triple points. Therefore, we obtain that n 4 ≤ 3 from the inequality 9 − n 4 ≤ n 3 ≤ 140−24n 4 9
.
Notice that the number of quadruple points is still a very rough combinatorial invariant. Fixing this invariant, we want more combinatorial invariants. An obvious one is the collinearity of those quadruple points in the arrangement. Another invariant that we frequently used is the numbers of multiple points on lines. By investigating possible multiple points on lines, we are able to narrow down the number of classes of arrangements with desired combinatorial properties and then write down definition equations without difficulties.
n 4 = 3
We first consider that arrangements have 3 quadruple points. By Lemma 2.4, there are at most 7 triple points. Proof. Given 2 non-collinear quadruple points in A, we claim that there will be a line passing through only 2 multiple points. To see that, we let
be the 2 quadruple points. Then the third quadruple point must be L i ∩ L j ∩ L 9 ∩ L 10 for some i ∈ {1, 2, 3, 4} and j ∈ {5, 6, 7, 8}. Then there are only 2 multiple points (in fact, 2 quadruple points) on L i , as well as on L j . Consider that the 3 quadruple points are not collinear, but any 2 of them are collinear in
be the 3 quadruple points. Since each line passes through 3 multiple points, there must be a triple point on L 10 . We may assume that L 7 ∩ L 9 ∩ L 10 is the triple point.
Assume that L 8 ∩L 9 is not a triple point. Then L 8 should contain either {L 1 ∩L 5 , L 2 ∩L 6 } (see Figure 1) or {L 1 ∩ L 6 , L 2 ∩ L 5 } so that there will be 3 multiple points on L 8 . Up to a lattice-isomorphism, we may assume that
and L 9 will pass through 3 multiple points. If L 9 passes through L 1 ∩L 4 and L 3 ∩L 5 , then L 7 must pass through L 1 ∩ L 6 and L 2 ∩ L 5 so that each of L 2 and L 6 passes through 3 multiple points. Consequently, the arrangement is lattice isomorphic to the arrangement in Figure 1 merged with L 10 at infinity. One can check that the moduli space is irreducible (cf. calculations in proofs of forthcoming theorems). If
(otherwise the arrangement cannot be realized). In this case, we notice that the dual arrangement (in the sense that multiple points go to lines and lines go to points) consists of 9 lines and 10 triple points such that each line passes through at least 3 triple points. By [Ye11] Proposition 3.8, it is lattice isomorphic to the A ± √ −1 arrangement (see [Ye11] Example 2.3). Hence the moduli
Figure 1
Figure 2
Assume that L 8 ∩ L 9 is also a triple point (see Figure 2) . We may assume that L 8 ∩ L 9 is on L 1 . First, we note that L 3 ∩ L 9 and L 2 ∩ L 4 ∩ L 9 must be triple points so that each of L 3 and L 4 will pass through 3 multiple points. We may assume that
triple points so that L 6 will pass through 3 multiple points. Now consider L 5 . We see that L 2 ∩ L 5 ∩ L 7 must be a triple point so that L 5 will pass through 3 multiple points. Let L 10 be the line at infinity. It is easy to check that L 7 can not be parallel to L 9 , i.e., L 7 ∩ L 9 can not be on the line at infinity L 10 . We have a contradiction.
Assume that the 3 quadruple points are collinear in A (see Figure 3. ). We may assume that
are the quadruple points. Consider the sub-arrangment A ′ := A \ {L 10 }. It has at most 10 triple points and no multiple points of higher multiplicities. Moreover, we note that each line of A ′ passes through at least 3 triple points and the 3 triple points
It is not difficult to check that A ′ is lattice isomorphic to one of the arrangements in Figure 3 . Hence the moduli space M A is irreducible. Figure 3 4.2 n 4 = 2
Since n 4 = 2, then there are at most 9 triple points. We first consider that the 2 quadruple points are not collinear. Proof. We may assume that
) so that each line will pass through at least 3 multiple points.
By lattice isomorphism, we may assume that L i ∩ L 9−i ∩ L 9 , where i = 1, 2, 3, 4, and L 4 ∩ L 8 ∩ L 10 are triple points (see Figure 4) . Then there are only 2 lattice isomorphism
Figure 4
classes of arrangements satisfying our assumption. They are determined by triple points on L 10 . The possible sets of triple points on
However, by a permutation (2, 3)(6, 7), the last two sets determine the same arrangement.
Assume that
z} and L 9 = {x = y} where t 1 , t 2 ∈ C \ {0, 1} and t 1 = t 2 . If L 10 contains the set of points {L i ∩ L i+4 | i = 1, 2, 3, 4}, then we get t 2 = t 1 + 1 and L 10 = {x + y = (t 1 + 1)z}. Hence the moduli space
, and L 10 = {y = (t 1 − 1)x + z}. Therefore M c A is irreducible.
Now we consider the case that the 2 quadruple points are collinear in A. (1), (2), (3) and (4).
Moreover, since there are at most 9 triple points, then only one of L 7 and L 8 can pass through 3 of {L i ∩ L 3+j | i, j ∈ {1, 2, 3}}. We may assume that L 7 passes through 2 of
. By an automorphism of the dual of the projective plane, we may assume that
, and L 9 = {x = y} where t is a complex number such that t = 0, 1 (see Figure 5 ).
Figure 5
where c is a complex number and c = 1. Since each line passes through at least 3 multiple points, then either
is an extra quadruple points. Again, this contradicts our assumption.
, where α(t) and β(t) are linear functions of t. Then we obtain a system of two linear equations in t and c. Thus the moduli space is either empty or irreducible.
where c is a complex number such that c = 1. Since each line has at least 3 multiple points, then
should be on L 8 so that L 8 passes through 3 multiple points. Then t = 1. This is a contradiction again.
Case 2: Assume that both L 7 ∩ L 9 and L 8 ∩ L 9 are triple points. Then at least one of
, where i ∈ {1, 2, 3} and j ∈ {4, 5, 6}, is a triple point so that L 9 will pass through 3 multiple points. Assume that L 9 ∩ L 3 ∩ L 4 is a triple point. Moreover, we may assume that L 7 ∩ L 9 ∩ L 5 is a triple point. Consider the intersection of L 1 , L 6 and L 9 . There are two possibilities.
(
should be on L 8 , otherwise L 6 will pass through at most 2 multiple points.
Then equations of such arrangements can be written as:
. Then the equations of the arrangements can be written as:
(1)
2 . Clearly, they are real arrangements (affine pictures are shown in Figure 7) . Assume that {L 2 ∩L 4 , L 1 ∩L 6 } is in L 7 . By the permutation (1, 6)(2, 5)(3, 4)(7, 8),
Figure 7
we know that the arrangement is isomorphic to arrangements defined by equation (1).
Figure 8
Figure 9
at L 1 . One of L 7 and L 8 must pass through L 1 ∩ L 4 so that L 1 passes through 3 multiple points.
1. Assume that L 7 passes through L 1 ∩L 4 . Then L 7 must also pass through L 2 ∩L 6 so that each of L 2 and L 6 passes through 3 multiple points. Then equations of arrangements with such an intersection lattice can be written as:
(2)
where t 1 = (t 2 − 1) 2 and (t 2 − 1) 3 − (t 2 − 1) 2 + 1 = 0. Therefore there are 1 real and 2 complex arrangements in the moduli space. The real arrangement is shown in Figure  10 .
Figure 10
2. Assume that L 8 passes through L 1 ∩L 4 . Then L 2 ∩L 7 and L 6 ∩L 7 must be triple points so that each of L 2 and L 6 passes through 3 multiple points. If the 2 points
is a triple point, then the arrangement isomorphic to the one in previous case by a permutation (1, 4)(2, 5)(3, 6)(
It is not hard to check that the moduli space is empty.
is a triple point. Then there will be 2 more triple points on L 9 . Those 2 triple points are in {L i ∩ L 3+j | i, j ∈ {2, 3}. Therefore, we may assume that the 3 triple points on
has to be on L 7 so that L 6 will pass through 3 multiple points. Note that up to a permutation (2, 3)(4, 5) we may assume that L 2 ∩L 6 is on L 7 . By an automorphism of the dual of the projective plane, we can write L 10 = {z = 0},
so that L 6 will pass through 3 multiple points. Consequently, L 7 must pass through L 3 ∩ L 5 so that L 5 will passes through 3 multiple points. Under such a intersection lattice structure, it is not difficult to see that the defining equation of the arrangement can be written as xyz(x−z)(y−z)(x−t 2 z)(y−tz)(y−x)(y+
. From the equation, we know that the intersection lattice has real realizations (see Figure 11 . The line L 10 is at the infinity).
Figure 11
so that L 6 will pass through 3 multiple points. Moreover, L 8 must pass through L 2 ∩ L 4 so that L 4 will pass through at least 3 multiple points. It is not difficult to see that the defining equation of the arrangement can be written as
and L 3 will pass through 3 multiple points.
1. Assume that L 3 ∩ L 5 is on L 8 . By writing down the defining equation, we see that the moduli space is irreducible.
2. Assume that L 3 ∩ L 5 is on L 7 . Then defining equations can be written as follows:
Thus, we have two real arrangements (see Figure 12 without L 10 which is the line at the infinity). Let A be a non-reductive arrangement of 10 lines with a single quadruple point. By Lemma 2.4 and Theorem 2.5, we know that there are at most 12 triple points.
We say that 2 multiple points of A are disjoint if they are not on the same line of A. We say that 2 multiple points of A are adjoint if they are on the same line of A. Since A contains only 10 lines, it is not hard to see that there are at most 2 disjoint triple points apart from the quadruple point.
5.1 Two disjoint triple points apart from the pencil of the quadruple point
is irreducible, or A is isomorphic to the arrangements defined by equations (5).
and L 8 ∩ L 9 ∩ L 10 be the 2 triple points. We claim that there are at least 2 of L 8 , L 9 and L 10 that each passes through 3 intersection points of (
so that each of the 4 lines will pass through at least 3 multiple points. Since L 8 ∩ L 9 ∩ L 10 is a triple point, then the 8 points must be in (
and L 10 can pass through at most 3 of those intersection points. If only one of L 8 , L 9 and L 10 passes through 3 intersection points of (
, then there will be at most 7 triple points in L 1 ∪L 2 ∪L 3 ∪L 7 . Let L 8 and L 9 be the two lines each of which passes through 3 intersection points of (
and L 1 ∩ L 6 so that L 1 will pass through 3 multiple points. By switching the labels of L 4 , L 5 and L 6 , and others accordingly, we may assume that
By our assumption, we see that
Notice that the last two cases are equivalent by a permutation (5, 6)(2, 3).
Assume that Figure 13 ) . By automorphisms of the dual of the projective plane, we can write
and L 1 = {y = (t + 1)z}, where t is a complex number, and
Figure 13 
should also be on L 10 so that L 7 will have 3 multiple points. Notice by the permutation (1, 7)(2, 3)(8, 9), the 2 arrangements are lattice isomorphic. Let L 1 ∩ L 5 and L 6 ∩ L 7 be on L 10 , then L 10 is defined by y = t+1 1−t x + t 2 +t t−1 z. We check that for any t = 0, 1, the intersection L 8 ∩ L 9 ∩ L 10 is always non-empty. Thus the arrangement is defined by the following equation,
where t is a complex number and t = 0, 1. It is clear that the moduli space M A is irreducible. However, one can check that it is possible that L 10 will pass through 1 more triple point L 3 ∩ L 4 . Under this additional condition, we get t 2 = −1. Hence the quotient moduli space M c A is irreducible. Now assume that {L 1 ∩L 4 , L 2 ∩L 5 , L 6 ∩L 7 } is in L 9 (see Figure 14) . By automorphisms of Figure 14 the dual plane of the projective plane, we can write
and L 1 = {y = t 2 t−1 z}, where t is a complex number, and t = 0, 1.
. Thus L 10 should pass through one of the following 3 sets of points
(1, 7, 2, 3)(4, 9, 6, 8, 5, 10) the case that {L 1 ∩L 6 , L 3 ∩L 4 } ⊂ L 10 can be identified with the case that {L 1 ∩L 5 , L 3 ∩L 6 } ⊂ L 10 . Now we compute the defining equation of
where t is a solution of the following equation
∩ L 10 is non-empty, then t must be a root of the following polynomial 2t 3 − 4t 2 + 3t − 1 = (t − 1)(2t 2 − 2t + 1). However, by our assumption t = 1. Hence, A is defined by the following equation
where t is a solution of the following equation 2t 2 − 2t + 1 = 0. Therefore, the quotient moduli space M c (A) is irreducible.
5.2 All triple points apart from the pencil of the quadruple point have an adjoint point
Then one of the following holds:
2. the quotient moduli space M c A is irreducible; 3. the arrangement A is defined by one of the equations (6), (7), (8) and (9).
Proof. It is clear that there should be at least 9 triple points so that each line passes through 3 multiple points. Note that all triple points will be in (
and (L 8 ∪ L 9 ∪ L 10 ), is 21. Since the intersection multiplicity of a triple point is 2, then there will be at most 10 triple points in
we will have at most 11 triple points.
Case 1: Assume that there are 11 triple points. We claim that except for the triple
Then each of L 8 and L 9 will pass through at most 2 more triple points apart from L 10 . On L 10 , we can have at most 4 triple points. Totally, there will be at most 10 triple points. Since all the triple points except
. Therefore, by lattice isomorphism, we may assume that the arrangement contains the sub-arrangement in Figure  15 . Each of L 1 and L 2 should pass through 2 triple points. Since there are at most 3 double
Figure 15
, then the arrangement contains a MacLane arrangement as a sub-arrangement. It is not hard to verify that the quotient moduli space M c A is irreducible. Assume that the arrangement does not contain a MacLane arrangement. Then L 2 ∩ L 9 ∩ L 10 must be a triple point so that L 2 will pass through 2 triple points. Then the arrangement contains a sub-arrangement A ′ = A \ {L 1 }. which is lattice isomorphic to A ± √ −1 . Therefore, the quotient moduli space M c A is irreducible.
Case 2: Assume that there are 10 triple points. There are two main subcases:
Notice that each of L 8 and L 9 passes through at most 2 more triple points apart from L 10 which are on L 5 ∪ L 6 . On L 10 there can be at most 4 triple points which are on
) and L 10 should pass through 4 triple points so that there will be 10 triple points. Since each of L 1 , L 2 , L 3 and L 4 should pass through 2 triple points (so that each will pass through 3 multiple points), then each of the four lines L 1 , L 2 , L 3 and L 4 should pass through exactly 1 of the 4 triple points
. By lattice isomorphism, we may assume that the arrangement contains the sub-arrangement in Figure 16 . We may assume that
Figure 16
is a triple point so that L 7 will pass through 3 multiple points. The defining equations of L 1 , L 2 , . . . , L 9 can be written as
z}, L 8 = {y = x} and L 9 = {y = (t 1 − t 2 )x + t 2 z}, where t 1 , t 2 , t 3 ∈ C \ {0, 1}, t 1 = t 2 , and satisfy the equation
Recall that L 10 should pass through 4 triple points so that there will be 10 triple points. Since each line should pass through 3 multiple points, the possibilities are as follows. Figure 17) .
{L
Figure 17
Figure 18
Then L 10 is defined by y = −t 1 x + t 1 z and t 1 , t 2 , t 3 satisfy the following two equations: 1 = t 1 − t 1 t 3 , and t 2 = t 1 − t 1 t 2 .
Simplify the system of those three equations, we obtain that t 3 = where t satisfies t 3 − t 2 + 1 = 0. Figure 18 ). One can verify that in this case t 1 = −1, t 2 = −3, and t 3 = 3. Therefore, the moduli space M A is irreducible.
{L
. By a permutation (5, 9)(6, 8)(2, 3), we see that this arrangement is a lattice isomorphic to the one shown in Figure 17 .
. By a permutation (5, 9)(6, 8)(2, 3), we see that this arrangement is lattice isomorphic to the one shown in Figure 18 .
Since there are 9 triple points on
and L 4 , say L 1 , must pass through 3 triple points and each of the other 3 lines L 2 , L 3 and L 4 should pass through exactly 2 triple points. Note that there are at most 3 triple points,
We will classify arrangements in this case according to the number of triple points apart from L 5 ∪ L 6 ∪ L 7 .
1. There are 3 triple points apart from
. It is not hard to see that each of L 8 , L 9 and L 10 passes through exactly 4 triple points, and each of L 5 , L 6 and L 7 passes through exactly 3 triple points. We may assume that
and L 3 ∩ L 10 are the triple points on L 8 . Moreover, we may assume that
and L 4 ∩ L 9 ∩ L 10 are triple points. Since each line should pass through at least 3 multiple points, then L 3 ∩ L 5 ∩ L 9 and L 2 ∩ L 6 ∩ L 10 should be triple points (see Figure 19 ). By automorphism of the dual of the projective plane, Figure 20 we can write down the equations of the lines as follows:
and (t 1 + 1)(t 3 1 − t 2 1 − 2t 1 + 1) = 0. Notice that t 1 + 1 = 0, otherwise t 2 = t 3 = 0. So a defining equation can be written as xy(x−z)(y−z)(x−tz)(y− t+1 t z)(y−(t 2 +t)z)(y−(t+1)x)(y+
where t satisfies t 3 − t 2 − 2t + 1=0.
2. There are 2 triple points apart from L 5 ∪ L 6 ∪ L 7 . Then there are 8 triple points on L 5 , L 6 and L 7 . So one of them should pass through 4 triple points including
Let L 6 be the line passing though 4 triple points. On the other hand, one of L 1 , L 2 , L 3 and L 4 should pass through 3 triple points, since there are 9 triple points on
are triple points (see Figure  20 ).
By automorphism of the dual of the projective plane, we can write down the equations of lines L 1 , L 2 , . . . , L 9 as follows:
• L 8 ∩ L 9 is a triple point. Then it must be on L 4 . It follows that t 1 t 2 − t 1 t 3 − t 2 t 3 + t 3 = 0.
By our assumption, either L 8 ∩ L 10 or L 9 ∩ L 10 should be a triple point. Up to a permutation (8, 9)(2, 3)(5, 7), we may assume that L 9 ∩ L 10 is the triple point. Then L 10 can be written as L 10 = {y = t 2
∩ L 10 is a triple point, then t 1 , t 2 and t 3 satisfy 2 more equations:
(1−t 1 )(1−t 2 ) and t 2 = t 2
(1−t 1 )(1−t 2 ) (t 1 − 1). Simplifying the 3 equations, we have t 2 = 2, t 1 = ± √ −1 and
is a triple points, then t 1 , t 2 and t 3 must also satisfy the following 2 equations: t 3 = − t 2 (t 1 −1)(t 2 −1) and t 1 = t 2 . Simplifying the 3 equations, we have t 1 = t 2 , t 3 = − t 1 (t 1 −1) 2 and t 3 1 − 2t 2 1 + 3t 1 − 1 = 0. The defining equation can be written as xy(x−z)(y−z)(x−tz)(y−tz)(y+
where t satisfies t 3 − 2t 2 + 3t − 1 = 0.
(b) If L 3 ∩L 5 is on L 10 , then L 4 ∩L 7 must be on L 10 so that there will be 10 triple points and each of L 4 and L 7 passes through at least 3 multiple points. Then we have two more equations:
(1−t 1 )(1−t 2 ) and t 3 = t 2
(1−t 1 )(1−t 2 ) (t 1 − 1). Simplifying those equations, we have t 1 = t 2 −2 t 2 −1 , t 3 = t 2 t 2 −1 , and t 2 = 3 2 . Therefore, the moduli space M A is irreducible.
• L 8 ∩ L 9 is not a triple point. Then L 8 ∩ L 10 and L 9 ∩ L 10 must be triple points.
The equation of L 10 can be written as L 10 = {y = t 2
(1−t 1 )(1−t 2 ) (x − z)}. Since L 10 passes through 3 triple points, then t 1 = 2. Checking out triple points on L 4 , we see that either L 8 ∩ L 4 or L 9 ∩ L 4 should be a triple point. We may assume that L 9 ∩ L 4 ∩ L 5 is a triple point. Consequently, we must have t 3 = t 1 t 2 t 1 −1 . Now we notice that there must be another triple point on
This implies that L 2 and L 3 coincide, which can not hold.
t 2 −1 . It follows that t 1 = 2, t 2 = 3 2 and t 3 = 3.
Assume that only 1 triple point is apart from
by our assumption, we may assume that each of L 8 and L 10 passes through 3 points of (
and L 1 ∩ L 10 are triple points. By lattice isomorphism, we may assume that
and L 4 ∩ L 8 ∩ L 9 are triple points. Now we determine the arrangements according to possible incidence on L 9 and L 10 .
can be written as follows:
Defining equations of the lines L 1 ,. . . , L 9 can be written as follows:
Then a defining equation of L 10 can be written as y = −t 1 x + t 1 z. Moreover, since L 4 ∩ L 7 = (t 1 , t 2 , 1) ∈ L 10 , then t 2 = −t 2 1 + t 1 . Together with the previous equation, we get t 1 = 0. Then there is no such arrangement.
1 + 1 and t 3 1 − 2t 2 1 + t 1 − 1 = 0. The defining equation of A can be written as
where t satisfies t 3 − 2t 2 + t − 1 = 0. The real arrangement is shown in Figure  21 .
Figure 21
ii.
. Then t 1 and t 2 satisfy the following equations: t 2 1 −3t 1 +3 = 0 and t 2 = t 1 − 1. Therefore, the quotient moduli space M c A is irreducible. 4. All triple points are on L 5 ∪ L 6 ∪ L 7 . Then each of the lines L 8 , L 9 and L 10 passes exactly 3 triple points and the triple points are in (
. Let L 9 be the line passing through L 1 ∩ L 6 and L 10 be the line passing through L 1 ∩ L 7 . Notice that each of L 5 , L 6 and L 7 passes through 4 triple points so that all 10 triple points will be on them. Then L 10 must pass through either
Then the defining equation can be written as xy(x−z)(y−z)(x−y)(x−t 1 z)(y−t 1 z)(y−t 2 z)(y+x−z)(y−
It is not hard to check that such an arrangement can not be realized.
. By the permutation (8, 9, 10)(4, 3, 2)(5, 6, 7), the arrangement is isomorphic to the one defined by Equation (⋆).
• If L 10 passes through L 2 ∩L 5 , then L 9 passes through L 3 ∩L 5 and L 4 ∩L 7 . One can check that by the permutation (5, 7, 6)(10, 9, 8)(2, 4) the arrangement is isomorphic to the one defined by Equation (⋆).
Case 3: Assume that there are 9 triple points.
Then only 8 triple points are in L 8 ∪ L 9 ∪ L 10 . Since we assume that each line passes through at least 3 multiple points, those 8 triple points should be in (
. Moreover, at least 1 and at most 2 of the intersection points in
and L 10 will pass through at most 2 multiple points.
and L 7 will pass through at most 2 multiple points.
and each of L 8 and L 9 should pass through 2 of those double points. We may assume that
are triple points. We can write down the defining equations of some of the lines as follows:
z} and L 10 = {y = x}, where t 1 = t 2 ∈ C \ {0, 1}. We have the following possible cases:
is a triple points, t 1 and t 2 satisfy the following equation: t 2 2 + t 2 1 t 2 − 2t 1 t 2 − t 2 1 + t 1 = 0 which defines an irreducible curve in
x + z} and L 9 = {− t 2 t 1 −1 (x − t 1 z)}, where t 1 and t 2 satisfy the following equation:
x + z} and L 9 = {−t 2 x + t 2 z}, where t 1 and t 2 satisfy the following equation:
x + t 2 z} and L 9 = {y = − t 2 t 1 −1 (x − t 1 z)}, where t 1 and t 2 satisfy the following equation: t 2 1 − t 1 = 0. However, by our assumption, t 1 ∈ C \ {0, 1}. Therefore, this case can not be realized.
. By the permutation (8, 9)(5, 6)(1, 2), we see that an arrangement in this case is lattice isomorphic to an arrangement in case (1c).
. By the permutation (8, 9)(5, 6)(1, 2), we see that an arrangement in this case is isomorphic to a one in case (1a).
x + t 2 z)}, where t 1 and t 2 satisfy the following equation: t 2 1 − 2t 1 t 2 + t 2 = 0 which is irreducible. 2. Assume that L 8 ∩ L 9 and L 8 ∩ L 10 are both triple. Since there are 8 triple points in
and L 10 will pass through 4 triple points. We may assume that either L 8 or L 10 passes through 4 triple points. Moreover, it is not hard to see that each of L 1 , L 2 , . . . , L 7 will pass through exactly 2 triple points so that there will be 3 multiple points on each of them.
(a) Assume that L 8 passes through 4 triple points. By lattice isomorphism, we may assume that
and L 2 ∩L 10 ∩L 7 are triple points. Then L 9 = {y = −t 2 x + t 2 z} and L 10 = {y =
and t 2 3 + 2t 2 t 3 + 2t 2 = 0. Therefore, the moduli space is irreducible.
• L 1 ∩L 6 ∩L 9 , L 4 ∩L 6 ∩L 10 , L 3 ∩L 7 ∩L 9 and L 2 ∩L 10 ∩L 5 are triple points. Then L 9 = {y = t 2 t 1 −1 (x − z)} and L 10 = {y = (t 3 − 1)x + z}, where t 1 = t 2 t 3 −t 3 t 2 −t 3 and t 3 = 2t 2 t 2 +1 . Therefore, the moduli space is irreducible.
2 + (t 2 3 − 3t 3 )t 2 + t 3 = 0. Therefore, the moduli space is irreducible.
•
Then L 9 = {y = (t 2 − t 3 )x + t 3 z} and L 10 = {y = 1 1−t 1 (x − t 1 z)}, where
and t 2 = t 3 − t 2 3 . Therefore, the moduli space is irreducible. (b) Assume that L 10 passes through 4 triple points. By lattice isomorphism, we may assume that
Similar to the case (a), with some elementary algebraic computations, we see that the moduli spaces are irreducible.
All triple points are in the pencil of the quadruple point
Assume that all the triple points are on the lines passing through the quadruple point. We first show that there are at most 11 triple points so that the arrangement is non-reductive. Proof. Assume that the quadruple point is L 3 ∩ L 4 ∩ L 7 ∩ L 8 and there are 12 triple points. Then each of those 4 lines will pass through exactly 3 triple points. However, we will show that it can not be realized. We may assume that
are two triple points. By lattice isomorphism, we see that the arrangement must contain the following sub-arrangement (see Figure 22 ) so that each of L 3 and L 4 passes through 3 triple points. Since L 7 also passes through 3 triple points, then either L 7 ∩ L 9 or L 7 ∩ L 10 should be a triple point. Up to a lattice isomorphism, we may assume that L 7 ∩ L 9 is a triple point.
Figure 22
Among any 3 of them, 2 of the 3 points are on the same line. Therefore, L 8 can not pass through 3 triple points in this case. If
. Among any 3 of them, 2 of the 3 points are on the same line. Therefore, L 8 can not pass through 3 triple points in this case.
Now consider the case that
is a triple. By switching the labels between L 2 and L 6 and others accordingly, we assume that L 2 ∩ L 7 ∩ L 9 is a triple point.
• If L 7 ∩ L 10 is not a triple, then only one more point, L 1 ∩ L 5 or L 1 ∩ L 6 could be a triple point on L 7 . Thus there will be at most 2 triple points on L 7 .
• If L 7 ∩ L 10 is a triple point, then it can not be on L 1 . Otherwise, L 7 will have only
Therefore, L 5 ∩ L 7 ∩ L 10 is the triple point. And the third triple points on
Now we can write down equations of lines of the sub-arrangement A \ {L 8 } as follows:
x−z}, and L 7 = {y = t 2 t 1 x}, where t 1 , t 2 ∈ C \ {0, 1}. The two variables must satisfy the following equations associated to the triple points:
However, those 2 equations have no common solution. So L 7 can not passes through 3 triple points if L 7 ∩ L 9 ∩ L 10 is not a triple point.
The classification will run on numbers of triple points. 
, and L 7 passes through 3 triple points and L 8 passes through 2 triple points. As we have seen in the proof of Proposition 5.3, L 7 ∩ L 9 ∩ L 10 must be a triple point. Then either
so that L 7 will pass through 3 triple points.
By lattice isomorphisms and automorphisms of the dual projective plane, we may assume that the arrangement contains the following subarrangement ( Figure 23 ): Defining equations of the lines can be written as:
Figure 23
L 7 = {y = x}, L 9 = {y = −tx + tz} and L 10 = {y = − 1 t x + z}, where t ∈ C and t = 0, 1.
. Among any three, two of them are on the same line. Since L 8 passes through 2 triple points, the possibilities are as follows:
, then by an automorphism of the dual plan, we can write defining equations of the lines as follows:
x + z}, L 7 = {y = t 2 x}, where t 1 , t 2 ∈ C \ {0, 1}. Since L 7 passes through L 2 ∩L 6 , then t 1 , t 2 satisfy the following equation: t 1 t 2 = 1. Since L 7 ∩L 9 ∩L 10 is a triple point, then t 2 = 1. Therefore this case can not be realized. 
Up to the permutation (5, 6), we may assume the arrangements contain the following sub-arrangement (Figure 24 ). We can write down the defining equations of the lines as follows: L 1 = {y = t 2 z}, L 2 = {y = z}, L 3 = {y = 0}, L 4 = {x = 0}, L 5 = {x = z}, L 6 = {y = t 1 z}, L 9 = {y = −t 2 x+ t 2 z}, and L 10 = {y = − 1 t 1 x+ z}, where t 1 , t 2 ∈ C \{0, 1}. It is not hard to check that that L 7 or L 8 will pass through an extra triple point
Figure 24
1. Assume that L 2 also passes through 4 triple points. It is not hard to see that L 9 ∩ L 10 can not be a triple point on L 7 ∪ L 8 , otherwise, either L 1 or L 2 will pass through at most 3 triple points. Thus L 1 ∩ L 10 and L 2 ∩ L 9 should be triple points on L 7 ∪ L 8 .
By lattice isomorphisms, we may assume that L 7 passes L 2 ∩ L 9 . Since there are 4 triple points on
is a triple point implies that t 2 = 1 2 . Therefore, this case can not be realized.
L 1 ∩L 10 . Therefore, t 1 = t 2 −1 and t 2 +t 1 (t 2 −1) = 0. It follows that t 2 2 −t 2 +1 = 0 and t 1 = t 2 − 1. The defining equation of the arrangement can be written as the following xy(x−z)(y−z)(x−(t−1)z)(y−tz)(y− t t−1 x)(y−x)(y+tx−tz)(y+
L 2 ∩ L 6 . Therefore, t 1 = −1 and t 2 = −1.
2. Assume that L 5 passes through 4 triple points. We claim that L 9 ∩ L 10 can not be on
and L 10 ∩ L 5 so that L 5 passes through 4 triple points. Consequently, L 7 and L 8 should also pass through L 1 ∩ L 10 and L 1 ∩ L 6 so that L 1 will pass through 4 triple points. However, we notice that there will be 4 triple points on L 10 . That contradicts our assumption. Therefore, we may assume
Since there are 2 triple points on L 7 , there should be one more triple point on L 7 . Here are the possibilities:
and L 5 ∩ L 10 by assumption. Therefore t 2 = 2 and t 1 = 3.
However, since none of those 4 points are on L 9 , then L 9 will pass through only 2 triple points.
Then up to a lattice isomorphism, we may also assume that
and L 9 ∩ L 6 so that L 6 passes through 4 triple points. However, there are already 3 triple points on each L 2 and L 9 and we assume that each of them passes through exactly 3 triple points. We obtain a contradiction.
. By writing down the defining equation, we see that this can not be realizable.
Assume that L 1 ∩ L 6 is on L 7 and L 9 ∩ L 10 is on L 8 . Since there are only 2 triple points on L 8 , then 1 of L 1 and L 6 will pass through at most 3 triple points.
Therefore, none of L 9 ∩ L 10 and L 1 ∩ L 6 should be on L 7 ∪ L 8 . Up to lattice isomorphisms, there are only two possible cases:
follows that t 1 t 2 = 1 and t 1 + t 2 = 1. The defining equation can be written as xy(x−z)(y−z)(x−(1−t)z)(y−tz)(y+x)(y−tx)(y+tx−tz)(y+ Let L 1 ∩L 2 be 1 of the triple points on L 3 . Then there are 7 triple points on L 1 ∪L 2 ∪L 3 . We may assume L 4 ∩ L 5 ∩ L 6 is a triple point apart from
Since there are only 2 triple points on L 4 , we may assume that L 2 ∩ L 4 is not a triple point. Then L 2 ∩ L 7 and L 2 ∩ L 8 should be triple points so that L 2 will pass through 3 triple points and all triple points are on
and L 3 ∩ L 10 should be triple points so that L 3 will pass through 3 triple points. Moreover, we may assume that L 3 ∩ L 9 and L 3 ∩ L 10 are in L 5 and L 6 , respectively.
L 2 ∩ L 8 ∩ L 10 are triple points. Recall that, by the assumption, there is another triple point in (
should be triple points. So there are two choices: L 1 ∩L 5 ∈ L 7 and L 1 ∩L 6 ∈ L 8 (see Figure 25 (a) ), or L 1 ∩L 6 ∈ L 7 and L 1 ∩ L 5 ∈ L 8 (see Figure 25 (b) ). In each case, the moduli space M A is irreducible.
∪ L 10 ) must be triple points so that L 1 passes through 3 triple points. It follows that L 9 ∩ L 10 ∩ L 4 is a triple point. By switching labels of L 1 and L 2 and others accordingly, the arrangements are lattice isomorphic to the arrangements in the case 1. Hence the moduli space is irreducible.
3. Only one of L 2 ∩ L 7 and L 2 ∩ L 8 is on L 5 ∪ L 6 . We may assume that L 2 ∩ L 7 ∩ L 5 is a triple point. Let us consider the possible triple points on L 7 and L 8 .
(a) L 7 also passes through
and L 4 ∩ L 9 ∩ L 10 must be triple points by our assumption. Then either L 8 ∩L 2 ∩L 9 or L 8 ∩L 2 ∩L 10 is a triple point and correspondingly, L 8 ∩ L 1 ∩ L 10 or L 8 ∩ L 1 ∩ L 9 is a triple point. One can check that the first choice can not be realizable and the moduli space M A in the second choice (see Figure 26) is irreducible.
L 7 and L 8 should pass through 1 more triple point.
• Both L 1 ∩ L 7 and L 2 ∩ L 8 should be on L 9 ∪ L 10 . Then L 4 ∩ L 9 ∩ L 10 should be a triple point. Then there are two possibilities: L 8 ∩ L 2 ∩ L 9 and L 7 ∩ L 1 ∩ L 10 are triple points; L 8 ∩ L 2 ∩ L 10 and L 7 ∩ L 1 ∩ L 9 are triple points. In the first case, M A is irreducible. In the second case, the arrangement can not be realizable.
• One of L 1 ∩ L 7 and L 2 ∩ L 8 is not on L 9 ∪ L 10 . Up to a permutation (1, 2)(5, 6)(7, 8)(9 ,10), we may assume that
. It is not difficult to check that the moduli space M A is irreducible.
(c) Neither L 7 nor L 8 passes through L 1 ∩ L 6 . Then L 10 should pass through 1 of L 8 ∩ (L 1 ∪ L 2 ) so that L 8 will pass through 2 triple points.
• L 10 passes through
In both case, the moduli spaces are irreducible.
-L 9 passes through L 1 ∩ L 8 . Then L 6 ∩ L 7 must be on L 9 . Consequently, L 10 passes through L 1 ∩ L 4 . Again, the moduli space is irreducible.
-L 9 passes through L 6 ∩ L 8 . Then L 9 should also pass through L 1 ∩ L 7 so that L 7 passes through 2 triple points. Consequently, L 10 passes through L 2 ∩ L 4 . However, this can not be realizable.
-L 9 passes through L 2 ∩ L 8 . Then L 9 must pass through L 6 ∩ L 7 so that each of L 6 and L 7 passes through 2 triple points. Consequently, L 1 will pass through only 2 triple points L 1 ∩ L 2 ∩ L 3 and L 1 ∩ L 8 ∩ L 10 . However, we assume that the arrangement A is non-reductive.
Therefore, we conclude that the moduli spaces of arrangement under the assumption are irreducible. However, there is no non-negative solution. It follows that at least one of the 6 lines passes at most two triple points.
By reviewing this subsection, we can make the following conclusion. 
